In this study, a fully-coupled approach is used to simulate three-dimensional highly-flexible flapping wings interacting with the surrounding fluid flow. In this approach, the elastic body and its interaction with the fluid are implemented as body/surface force terms. In this way, the fluid and solid can be solved by a combined and modified form of typical Navier-Stokes equations. The motion trajectory is defined similarly by adding another bodyforce term using direct-forcing type of Immersed Boundary method. The advantage of solving a combined fluid-solid equation in a global Eulerian framework is that the solution of fluid, solid, and their interaction can be obtained in a monolithic manner and we avoid any sub-step iterations. The current extension of algorithm to three-dimensional configuration is based on our earlier work in two-dimensional setup. After extensive benchmarks in 2D and 3D, rigid and flexible cases, we eventually apply the algorithm on solving three-dimensional flexible flapping wings.
I. Introduction
Driven by the need for micro air vehicle (MAV) at bird/insect size, there is renewed interest in the study of flapping-wing motion for efficient flying at low Reynolds number [1] . Rigorous study of flapping motion can trace back to the pioneer work of Knoller [2] and Betz [3] , who independently found the thrust generated by flapping wings. Since then, there have been many studies to understand the behavior of flapping-wing motion in ways analytically, numerically, and experimentally. Much of the insight into the mechanism of flapping flight has been contributed by various researchers: Garrick [4] showed that plunging airfoils produce positive thrust at all the frequencies, whereas pure pitching airfoils only produce thrust when the frequency is greater than a critical value; Jones, Dohring and Platzer have studied plunging airfoils and the vortex shedding using both numerical simulation and experiments [5] , and they noticed an interesting vortex deflection at high plunging frequency, which were later investigated numerically in more details by Lewin and Haj-Hariri [6] ; Anderson and his co-workers studied plunging, pitching, and the combined motion and discovered the highest propulsive efficiency at about 87% for some Strouhal number, angle of attack, and at an optimal phase angle between the pitching and plunging [7] ; Buchholz and Smits have also investigated experimentally the wake and thrust of pitching plates with the focus on three-dimensional vortex structures appeared at high Strouhal number [8] .
However, most of the earlier studies stayed for rigid wings, though the advantage of introducing flexibility to flapping wings has been widely noticed. From the numerical simulation point of view, the main difficulty to advance the study from rigid wings to flexible wings lies in the computational capability of fluid-solid interaction (FSI). To resolve a fully-coupled motion between solid structures and the surrounding fluid flow, sub-step interactions are often involved between the fluid solver and solid solver, or alternatively, the time-step needs to be very small to avoid iterations. So that, the algorithm can be entirely uneconomical or sometimes impossible for highly flexible three-dimensional configurations. In this paper, we are exploring a new approach to solve the FSI problems in a monolithic way and in a global Eulerian framework to obtain the computational efficiency and other conservation properties. The basic idea of solving a combined fluid-solid equation in Eulerian framework follows the FSI approach proposed by Zhao, Freund, and Moser [9] . The similar idea was proposed individually by Boffi et al. [10] . The current approach to solve three-dimensional problems is an extension of and based on our earlier work for two-dimensional problems [11] .
In this paper, we first introduce the basic algorithm in §II, where some major challenges for three-dimensional implementation are also discussed. Then, in §III, we show some preliminary simulation results for a heaving flexible plate with low-aspect-ratio and a flexible plate under root flapping.
II. Methodology

II.A. Global Eulerian formulation for fluid and solid
The basic formulation for a combined description of fluid and solid is similar to the one used in our previous work for two-dimensional problems [11] . For completeness, the idea is briefly reviewed here. The FSI mechanism is based on the modified Navier-Stokes equations to describe both fluid and solid in an Eulerian point of view, which was firstly proposed by Zhao et al. [9] :
with
where u is the velocity vector (in current three-dimensional Cartesian coordinate, u = (u, v, w)), ρ is the density and assumed the same for both fluid and solid, Re f is the typical Reynolds number based on fluid parameters with the same viscosity being assumed for both fluid and solid, and τ elas is the solid elastic stress with value only in the solid region. The elastic stress is calculated using simple neo-Hookean model,
where A is the solid deformation gradient tensor and µ s is the shear modulus. The combined formulation (1) allows a global description of FSI problems with the interaction included seamlessly. However, to flap the wing, a mechanism for trajectory control needs to be implemented. As shown in our previous work for two-dimensional flapping wings [11] , we defined control cells as moving skeleton (i.e. here, blue cells in figure 1 ), where another bodyforce term is defined by using the direct-forcing type of immersed boundary [12] . The combined equation with flapping mechanism now is ∂u ∂t
where χ c only has non-zero value in the region of control parts, and f is the direct forcing to achieve the prescribed motion. The forcing term f is defined by
where the term RHS includes all right-hand-side terms for time advancement. The first-order time advancement is used here only for demonstration of the idea, and the actual algorithm is implemented for third-oder Runge-Kutta scheme with the same idea.
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II.B. Details for three-dimensional implementation
The implementation of the global algorithm to three-dimensional simulation is similar to the way used in two-dimensional simulations [11] . However, there are some complexities brought in by the extension to three-dimension, which are discussed in this section.
II.B.1. Information exchange between Eulerian coordinate and Lagrangian points
The Lagrangian points for solid are continuously updated by the Eulerian velocity field calculated from (4), so that, the solid stress can be obtained by (3) . However, the resulted solid stress field, which is discontinuous, needs to be smooth out before projecting back to the Eulerian description. As suggested by Zhao et al. in the original two-dimensional algorithm, Zienkiewiez-Zhu(ZZ) Patch can be used for this purpose. So, the ZZ Patch method in 3D is implemented here. Then, the continuous stress field needs to be projected to the Cartesian coordinate (x, y, z). We use a simple trilinear interpolation as
where ψ ijk are the trilinear interpolation coefficients defined by 
II.B.2. Common refinement of solid cells
To calculate the integration accurately during the projection, every Lagrangian solid cell is divided into several subelements which are confined within one single Cartesian mesh cell. In threedimensional case, the Lagrangian cells are cut into subelements by using the Cartesian mesh faces parallel to x − y, y − z, and x − z planes. The surfaces of these subelements are either part of the surfaces from Lagrangian cells or coinciding with the Cartesian mesh faces. Figure 3 shows an example of common refinement where the Lagrangian tetrahedron is divided into three subelements.
II.B.3. Gauss quadrature rule
With the assumption that the solid stress field at arbitrary point (x, y, z) inside the subelement can be approximated by τ = a 0 + a x x + a y y + a z z, the integration in (6) becomes a linear combination of polynomials a lmn x l y m z n (l + m + n ≤ 4). Using Gauss theorem, we can change the volume integration to surface integration as
which then is computed by Gauss quadrature method,
III. Applications
III.A. Benchmark studies
III.A.1. Rigid sphere
First we study the flow around a stationary rigid sphere which has been investigated theoretically, numerically [13, 14] and experimentally [15, 16] . In our study, the nondimensional diameter of the sphere is D = 1.0, and the free stream velocity is constant, u ∞ = 1.0. The dynamic viscosity of fluid µ f is changed for different values of Reynolds number R e = ρu ∞ D/µ f . The cases with different values of Reynolds number, R e = 50, 100, 150, 200, 250 and 300, are studied. We compare the wake pattern in the downstream for different Reynolds number with the results from [14] . For cases with low Reynolds number, R e = 50, 100, 150 and 200, the downstream flow is axisymmetric. Figure 4 shows the vorticity contours for such axisymmetric flow. For R e = 250 and 300, the flow becomes unsymmetric, and hairpin vortex appears when R e = 300, which is shown in figure 5 . It is shown that our results match well with others' qualitatively.
Also quantitative studies are made, e.g. drag coefficient. The drag coefficient
for different Reynolds number is calculated by using control volume method and copmpared with numerical results [14] and experimental results [15] , which provides good quantitative validation as shown in figure 6 . 
III.A.2. Viscoelastic particle
We also investigate a two-dimensional floppy viscoealstic particle in shear flow and compare our results with those in [17, 18] . With the assumption that ρ f = ρ s , the governing equation for this problem can be written as
where τ elas is the stress term based on neo-Hookean model (3). Here, we neglect the inertia term because Reynolds number, Re = ργa 2 /µ f which is based on shear rateγ and particle radius a, is very small in our studies. Figure 7 shows the sketch of our simulation. In our studies, the Couette flow is chosen as the shear flow. For different values of initial aspect ratio and Capillary number C a =γµ f /µ s , there are three types of motion: tank-treading, swinging(trembling) and tumbling, as shown in figure 8 . In our studies, we investigated the effects of Capillary number and aspect ratio. For each aspect ratio, a critical Capillary number exists, which separates region of trembling motion and tumbling motion. Figure 9 shows the regions of trembling motion and tumbling motion. The comparison indicates that our approach works well for fluid-structure interaction problems.
III.B. Simulations
We have applied the fully-coupled approach to simulate three-dimensional flexible flapping wings. The computation domain is a volume area with −1 < x < 3, −1 < y < 1 and 0 < z < 2, and mesh size 200 × 100 × 100 is used for all the simulations. Uniform staggered-mesh is used in Eulerian framework, and quadratic tetrahedron cells are picked up for Lagrangian mesh.
The wing model used in our simulation is based on the measurement from a flying bat toy as shown in figure 10 . Figure 10 shows the wing from the flying bat toy and the single-layer model used in the studies. The blue part is the "skeleton" part with prescribed motion, while the green part moves passively(sketched in figure 11 ). The left blue part is fixed and the right blue part has a prescribed rotation motion. In our studies, we simulate two cases with different values of angle of attack α: 1) α = 0 • ; 2) α = 14 • . The prescribed rotation motion can be expressed by
where a = 0.1, K = 1.0/π, L = 18/(19.5π) and θ 0 = 10.5 • , which are measured from the toy. Results are shown below in figure 12 and 13 for α = 0 • and α = 14 • respectively, where vortex structures are marked by Q-criterion and zoom-in pictures at the bottom are to show the details of structural deformation which are painted by normal stress and shear stress respectively. For both cases, two vortex streets are observed. At α = 0 • , the two vortex street are close to each other, when we increase the angle of attack to α = 14 • , they move away from each other. And it is observed that the normal stress and shear stress increase as the angle of attack increases. 
of 12
American Institute of Aeronautics and Astronautics
IV. Conclusions
In this paper, we developed a strong-coupling approach with immersed boundary method to simulate three-dimensional fluid-structure interaction problems. The unified formula in Eulerian framework for both fluid and solid are introduced. Details of numerical algorithm, including forceprojection method, "cell division technique" and Gauss quadratic rule, were discussed.
Then we validated our approach by comparing our results with those from other simulations and experiments for two cases: flow around rigid stationary sphere and two-dimensional floppy viscoelastic particle in shear flow. All the qualitative and quantitative studies showed that our results matched very well with the referred results.
The fully-coupled approach was also applied on three-dimensional flexible flapping wings with different values of angle of attack. From the results, it was observed that different angle of attack leads to different vortex structures. The two vortex street in the wake flow move away from each other when the angle of attack is increased.
